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Abstract
In this paper we investigate relationships between closure-type properties of hyperspaces over
a space X and covering properties of X.
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0. Introduction
Let X be a Hausdorff space. By 2X we denote the family of closed subsets of X. If A is
a subset of X and A a family of subsets of X, then we write
Ac = X \A and Ac = {Ac: A ∈A},
A− = {F ∈ 2X: F ∩A = ∅},
A+ = {F ∈ 2X: F ⊂ A}.
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G. Di Maio et al. / Topology and its Applications 153 (2005) 912–923 913The most known and popular among topologies on 2X is the Vietoris topology V =
V− ∨ V+, where the lower Vietoris topology V− is generated by all sets A−, A ⊂ X open,
and the upper Vietoris topology V+ is generated by sets B+, B open in X.
Let ∆ be a subset of 2X . Then the upper ∆-topology, denoted by ∆+ [23] is the topology
whose subbase is the collection
{(
Dc
)+
: D ∈ ∆}∪ {2X}.
We consider here two important special cases:
(1) ∆ is the family of all finite subsets of X, and
(2) ∆ is the collection of compact subsets of X.
The corresponding ∆+-topologies will be denoted by Z+ and F+, respectively and both
have the collections of the above kind as basic sets. The F+-topology is known as the
upper Fell topology (or the co-compact topology) [6].
Let us fix some terminology and notation that we need.
Let A and B be sets whose elements are families of subsets of an infinite set X. Then
(see [28,12]):
S1(A,B) denotes the selection principle:
For each sequence (An: n ∈ N) of elements of A there is a sequence (bn: n ∈ N) such
that for each n bn ∈ An and {bn: n ∈N} is an element of B.
Sfin(A,B) denotes the selection hypothesis:
For each sequence (An: n ∈ N) of elements of A there is a sequence (Bn: n ∈ N) of
finite sets such that for each n Bn ⊂ An and ⋃n∈NBn is an element of B.
For a space (X, τ) and a point x ∈ X we consider the following sets A and B:
• O: the collection of open covers of X;
• Ω : the collection of ω-covers of X;
• K: the collection of k-covers of X;
• Ωτx (or shortly Ωx ): the set {A ⊂ X \ {x}: x ∈ A}.
Let us recall that an open cover U of a space X is called an ω-cover [7] (respectively
a k-cover [19]) if every finite (respectively compact) subset of X is contained in a member
of U and X is not a member of U . (To avoid trivialities we suppose that considered spaces
are infinite and non-compact.) Let us mention that K⊂ Ω .
The property S1(O,O) was introduced by Rothberger in [24] and is called now the
Rothberger property (see also [28,12,21]). The property Sfin(O,O) is known as the Menger
property [20,9,21,28,12]. A space X has countable fan tightness [1,2] if for each x ∈ X it
satisfies Sfin(Ωx,Ωx). X has countable strong fan tightness [25] if for each x ∈ X the
selection principle S1(Ωx,Ωx) holds.
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a countable ω-subcover (k-subcover), and so all covers are supposed to be countable.
A number of results in the literature show that for a Tychonoff space X closure prop-
erties of the function spaces Cp(X) and Ck(X) of continuous real-valued functions on X
endowed with the topology of pointwise convergence or with the compact-open topology
can be characterized by covering properties of X defined or characterized by using selec-
tion principles. We refer the reader to [1,2,7,25–27,16–19,29,22,13].
In this paper we show, in a similar spirit, that closure properties of spaces of closed
subsets of a space X, endowed with appropriate topologies, can be characterized in terms
of covering properties of X.
For similar investigation see [4,8,14,15].
In Section 1 we consider S1 selection principles in hyperspaces and give complete
proofs of the results, while in Section 2, in which we study Sfin selection principles, the
most of proofs are omitted being similar to the proofs of the corresponding results from
Section 1. Section 3 contains results involving the notions of groupability and weak groupa-
bility introduced recently in the literature.
1. The Rothberger-like selection principles
In this section we study when hyperspaces (2X,Z+) and (2X,F+) have countable strong
fan tightness. Related questions are also considered.
Theorem 1. For a space X the following statements are equivalent:
(1) (2X,Z+) has countable strong fan tightness;
(2) Each open set Y ⊂ X satisfies S1(Ω,Ω).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of ω-covers of Y . Then (Ucn : n ∈ N) is
a sequence of subsets of 2X and Y c ∈ ClZ+(Ucn) for each n ∈N. Indeed, given n, let (F c)+
be a Z+-neighborhood of Y c . Then F is a finite subset of Y so that there is a U ∈ Un such
that F ⊂ U . Thus Y c ⊂ Uc ⊂ Fc , i.e. Uc ∈ (F c)+ ∩ Ucn . Therefore, Y c ∈ ClZ+(Ucn). Since
(2X,Z+) has countable strong fan tightness there is a sequence (Ucn : n ∈ N) such that for
each n, Un ∈ Un and Y c ∈ ClZ+({Ucn : n ∈ N}). We claim that {Un: n ∈ N} is an ω-cover
of Y . Indeed, let S be a finite subset of Y . Then (Sc)+ is a Z+-neighborhood of Y c and thus
(Sc)+ ∩ {Ucn : n ∈ N} = ∅; let Uck be a member of this intersection. Then from Uck ⊂ Sc it
follows S ⊂ Uk .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a point S ∈ 2X
belongs to the Z+-closure of An for each n. Then, as can be easily verified, (Acn: n ∈ N)
is a sequence of ω-covers of Sc, and because Sc is an S1(Ω,Ω)-set, there is a sequence
(Acn: n ∈ N) such that for each n, Acn ∈ Acn and {Acn: n ∈ N} is an ω-cover of Sc. It is
equivalent to the assertion that S ∈ ClZ+({An: n ∈ N}), so that the sequence (An: n ∈ N)
witnesses for (An: n ∈N) that (2X,Z+) has countable strong fan tightness. 
Theorem 2. For a space X the following statements are equivalent:
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(2) Each open set Y ⊂ X satisfies S1(K,K).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of k-covers of Y . Then (Ucn : n ∈ N)
is a sequence of subsets of 2X and Y c ∈ ClF+(Ucn) for each n ∈ N. Indeed, fix n. Let K
be a compact subset of Y . There is a U ∈ Un such that K ⊂ U ⊂ Y and thus Y c ⊂ Uc ⊂
Kc , i.e. Uc ∈ (Kc)+ and Y c ∈ (Kc)+. So, Uc ∈ (Kc)+ ∩ Ucn , i.e. Y c ∈ ClF+(Ucn). Since
(2X,F+) has countable strong fan tightness there is a sequence (Ucn : n ∈ N) such that for
each n, Un ∈ Un and Y c ∈ ClF+({Ucn : n ∈ N}). We prove that {Un: n ∈ N} is a k-cover
of Y . Let K be a compact subset of Y . Then (Kc)+ is an F+-neighborhood of Y c and thus
(Kc)+ ∩ {Ucn : n ∈ N} = ∅; let Ucm belongs to this intersection. Then Ucm ∈ (Kc)+ implies
K ⊂ Um.
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a point S ∈ 2X
belongs to the F+-closure of An for each n. It is not hard to prove that (Acn: n ∈ N) is a
sequence of k-covers of Sc and since Sc is an S1(K,K)-set, there is a sequence (Acn: n ∈N)
such that for each n, Acn ∈ Acn and {Acn: n ∈ N} is a k-cover of Sc. It is equivalent to
S ∈ ClF+({An: n ∈ N}), so that the sequence (An: n ∈ N) witnesses for (An: n ∈ N) that
(2X,F+) has countable strong fan tightness. 
Theorem 3. For a space X the following statements are equivalent:
(1) 2X satisfies S1(ΩF+A ,ΩZ
+
A ) for each A ∈ 2X ;
(2) Each open set Y ⊂ X satisfies S1(K,Ω).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of k-covers of Y . Then (Ucn : n ∈ N)
is a sequence of subsets of 2X with Y c ∈ ClF+(Ucn) for each n ∈ N (see the proof of the
previous theorem). Apply (1) to find a sequence (Ucn : n ∈N) such that for each n, Un ∈ Un
and Y c ∈ ClZ+({Ucn : n ∈N}). Then {Un: n ∈N} is an ω-cover of Y . Indeed, let S be a finite
subset of Y . Then (Sc)+ is a Z+-neighborhood of Y c and thus (Sc)+ ∩ {Ucn : n ∈ N} = ∅;
let Uci be a member of this intersection. Then from U
c
i ⊂ Sc it follows S ⊂ Ui .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a point S ∈ 2X
belongs to the F+-closure of An for each n. Then (Acn: n ∈ N) is a sequence of k-covers
of Sc and because Sc is an S1(K,Ω)-set, there is a sequence (Acn: n ∈ N) such that for
each n, Acn ∈ Acn and {Acn: n ∈ N} is an ω-cover of Sc. The last fact is equivalent with
S ∈ ClZ+({An: n ∈N}), and thus the sequence (An: n ∈N) witnesses for (An: n ∈N) that
2X satisfies (1). 
After Theorems 1–3 it is natural to ask what happens if X satisfies S1(Ω,Ω), or
S1(K,K), or S1(K,Ω). The next three theorems answer these questions.
Let D denote the family of dense subsets of a space.
Theorem 4. For a space X the following statements are equivalent:
(1) (2X,F+) satisfies S1(D,D);
(2) X satisfies S1(K,K).
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An := Ucn is a dense subset of (2X,F+). Indeed, let n be fixed and let (Kc)+ be a basic
open subset of (2X,F+). There is a member UK,n of Un containing K . Thus we have
UcK,n ∈ (Kc)+ and UcK,n ∈An, i.e. An is a dense set in (2X,F+). Applying (1) one finds a
sequence (An: n ∈N) such that for each n, An ∈An and ClF+({A1,A2, . . .}) = 2X . Let for
each n, Acn = Un ∈ Un. We claim that the sequence (Un: n ∈N) witnesses for (Un: n ∈N)
that X satisfies S1(K,K). Let C be a compact subset of X. Then (Cc)+ contains some Ai
so that Ui = Aci satisfies C ⊂ Ui , i.e. {Un: n ∈N} is a k-cover of X.
(2) ⇒ (1): Let (Dn: n ∈N) be a sequence of dense subsets of (2X,F+). Let for each n,
Un :=Dcn. Then Un is an open k-cover of X. To prove the last statement, let K be a com-
pact subset of X. Pick a set D in (Kc)+ ∩ Dn. We have Dc ∈ Un and K ⊂ Dc. Apply
now (2) to (Un: n ∈ N) and find a sequence (Dcn: n ∈ N) such that for each n, Dcn ∈ Un
and {Dc1,Dc2, . . .} is a k-cover for X. It is easy to verify that the sequence (Dn: n ∈N) is a
selector for the sequence (Dn: n ∈N) which witnesses that (2X,F+) satisfies (1). 
In a similar way we prove:
Theorem 5. For a space X the following are equivalent:
(1) (2X,Z+) satisfies S1(D,D);
(2) All finite powers of X have the Rothberger property (i.e. X satisfies S1(Ω,Ω)).
Theorem 6. For a space X the following are equivalent:
(1) 2X satisfies S1(DF+ ,DZ+);
(2) X satisfies S1(K,Ω).
At the end of this section we consider when the spaces (2X,F+) and (2X,Z+) have the
Rothberger property.
Recall that a family ξ of subsets of a space X is a π -network if for each open set U ⊂ X
there is a M ∈ ξ such that M ⊂ U . For a space X let Πk (respectively Πω) denote the
family of π -networks of X consisting of compact (respectively finite) subsets of X. In this
notation we have:
Theorem 7. For a space X the following statements are equivalent:
(1) (2X,F+) has the Rothberger property;
(2) X satisfies S1(Πk,Πk).
Proof. (1) ⇒ (2): Let (Kn: n ∈N) be a sequence from Πk . Then for each n ∈N, (Kcn)+ :=
{(Kc)+: K ∈Kn} is an open cover of (2X,F+). To see this, fix n and let A ∈ 2X . Ac is an
open subset of X, hence there is a K ∈Kn with K ⊂ Ac. Then A ∈ (Kc)+ so that (Kcn)+
is indeed an open cover of (2X,F+). By (1) pick for each n, Kn ∈ Kn such that the set
{(Kcn)+: n ∈ N} is an open cover of (2X,F+). We show that {Kn: n ∈ N} is a π -network
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which Uc ∈ (Kci )+ holds, hence Ki ⊂ U .
(2) ⇒ (1): Let (Un: n ∈ N) be a sequence of open covers of (2X,F+); without loss of
generality one may suppose that for each n all elements of Un are basic sets in (2X,F+):
Un = {(Kcn,s)+: s ∈ S}. For each n, Kn := {Kn,s : s ∈ S} is a π -network in X. Indeed,
if G ⊂ X is open, then for some (Kcn,s)+ ∈ Un we have Gc ∈ (Kcn,s)+ which implies
Kn,s ⊂ G. Apply now (2) to the sequence (Kn: n ∈ N) to find sets Kn ∈Kn, n ∈ N, such
that {Kn: n ∈N} is a π -network in X. Without difficulties one verifies that {(Kcn)+: n ∈N}
is an open cover of (2X,F+) showing that (1) is true. 
Similarly, we have
Theorem 8. For a space X the following are equivalent:
(1) (2X,Z+) has the Rothberger property;
(2) X satisfies S1(Πω,Πω).
2. The Menger-like selection principles
We investigate now the fan tightness of hyperspaces. As might expected the proofs of
theorems of this section are similar to the proofs of the corresponding results concerning
strong fan tightness. Thus we shall only give the proof of the following result.
Theorem 9. For a space X the following statements are equivalent:
(1) (2X,Z+) has countable fan tightness;
(2) Each open set Y ⊂ X satisfies Sfin(Ω,Ω).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of ω-covers of Y . Then (Ucn : n ∈ N) is
a sequence of subsets of 2X and Y c ∈ ClZ+(Ucn) for each n (see the proof of Theorem 1). As
(2X,Z+) has countable fan tightness there is a sequence (Vcn: n ∈N) such that for each n,
Vn is a finite subset of Un and Y c ∈ ClZ+(
⋃
n∈N Vcn). We prove that
⋃
n∈N Vn is an ω-cover
of Y . Indeed, let S be a finite subset of Y . Then (Sc)+ is a Z+-neighborhood of Y c , hence
there is a Uck in (S
c)+ ∩⋃n∈N Vn = ∅. It follows from Uck ⊂ Sc that S ⊂ Uk .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X and let S ∈ 2X belong to
the Z+-closure of An for each n. Then (Acn: n ∈ N) is a sequence of ω-covers of Sc and
because Sc satisfies Sfin(Ω,Ω) there is a sequence (Bcn: n ∈ N) such that for each n, Bcn
is a finite subset of Acn and
⋃
n∈NBcn is an ω-cover of Sc. It implies S ∈ ClZ+(
⋃
n∈NBn).
Therefore, the sequence (Bn: n ∈ N) witnesses for (An: n ∈ N) that (2X,Z+) has count-
able fan tightness. 
The proofs of the following theorems are omitted.
Theorem 10. For a space X the following statements are equivalent:
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(2) Each open set Y ⊂ X satisfies Sfin(K,K).
Theorem 11. For a space X the following statements are equivalent:
(1) 2X satisfies Sfin(ΩF+A ,ΩZ
+
A ) for each A ∈ 2X ;
(2) Each open set Y ⊂ X satisfies Sfin(K,Ω).
Theorem 12. For a space X the following statements are equivalent:
(1) (2X,F+) satisfies Sfin(D,D);
(2) X satisfies Sfin(K,K).
Theorem 13. For a space X the following are equivalent:
(1) (2X,Z+) satisfies Sfin(D,D);
(2) X satisfies Sfin(Ω,Ω), i.e. each finite power of X has the Menger property.
Theorem 14. For a space X the following are equivalent:
(1) 2X satisfies Sfin(DF+ ,DZ+);
(2) X satisfies Sfin(K,Ω).
3. Set-tightness
The set-tightness ts(X) of a space X is countable if for each A subset of X and each
x ∈ A there is a sequence (An: n ∈ N) of subsets of A such that x ∈ ⋃{An: n ∈N} but
x /∈ An for each n ∈ N (see [11]). The set tightness of the function space Cp(X) was
studied in [26].
Theorem 15. For a space X the following statements are equivalent:
(1) (2X,F+) has countable set-tightness;
(2) For each open set Y ⊂ X and each k-cover U of Y there is a countable collection
{Un: n ∈ N} of subsets of U such that no Ui is a k-cover of Y and ⋃n∈N Un is a
k-cover of Y .
Proof. (1) ⇒ (2): Let Y be an open subset of X and let U be a k-cover of Y . ThenA= Uc
is a subset of 2X and Y c belongs to the F+-closure of A. Since (2X,F+) has countable set-
tightness there is a family {An: n ∈N} of subsets ofA such that for each n, Y c /∈ ClF+(An)
but Y c ∈ ClF+(
⋃{An: n ∈N}). Let for each n, Un =Acn. Then for each n, Un ⊂ U and the
family {Un: n ∈N} witnesses for U that (2) is true.
(2) ⇒ (1): Let A be a subset of 2X and let S ∈ ClF+(A). Then Sc is an open subset
of X and U =Ac is its k-cover. Apply (2) to Sc and U and choose subsets U1,U2, . . . of
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An = Ucn we get a countable family of subsets of A such that for each n, S /∈ ClF+(An) but
S ∈ ClF+(
⋃
n∈NAn). 
The following corresponding result on the space (2X,Z+) is proved similarly.
Theorem 16. For a space X the following statements are equivalent:
(1) (2X,Z+) has countable set-tightness;
(2) For each open set Y ⊂ X and each ω-cover U of Y there is a countable collection
{Un: n ∈ N} of subsets of U such that no Ui is an ω-cover of Y and ⋃n∈N Un is an
ω-cover of Y .
4. T -tightness
The T -tightness of a space X is countable if for each uncountable regular cardinal ρ
and each increasing ρ-sequence (Fα: α < ρ) of closed subsets of X the set
⋃{Fα: α < ρ}
is closed (see [11]). In [26] the T -tightness of function spaces Cp(X) was studied, while
in [13] the same question was considered for spaces Ck(X).
Denote by T (Ω) the following statement on a space X:
For each regular infinite cardinal ρ and each increasing ρ-sequence (Uα: α < ρ) of
families of open subsets of X such that U := ⋃{Uα: α < ρ} is an ω-cover there is
a β < ρ so that Uβ is an ω-cover of X.
T (K) is defined in the similar way when “ω-cover” is replaced by “k-cover”.
Theorem 17. For a space X the following statements are equivalent:
(1) (2X,Z+) has countable T -tightness;
(2) Each open set Y ⊂ X satisfies T (Ω).
Proof. (1) ⇒ (2): Let ρ be a regular uncountable cardinal and let U = ⋃{Uα: α ∈ ρ},
with Uα ⊂ Uβ whenever α < β < ρ, be an ω-cover of Y . For each α < ρ let Aα = Ucα :=
{Uc: U ∈ Uα} and A=⋃{ClZ+(Aα): α < ρ}. Since the T -tightness of (2X,Z+) is count-
able, the set A is a closed subset of (2X,Z+). We claim Y c ∈ ClZ+(A) = A. Let (F c)+,
F a finite subset of Y , be a standard basic Z+-neighborhood of Y c . Since U is an ω-cover
of Y and F ⊂ Y there is a ξ < ρ and an element U ∈ Uξ such that F ⊂ U . It implies
Uc ∈ (F c)+, hence (F c)+ ∩Aξ = ∅, so that Y c ∈ ClZ+(Aξ ) ⊂A. Further, from Y c ∈A it
follows Y c ∈ ClZ+(Aβ) for some β < ρ. We prove that Uβ is an ω-cover of Y . Let S be a
finite subset of Y . Then Y c ∈ (Sc)+ so that there is a member A ∈Aβ ∩ (Sc)+. This means
S ⊂ Ac ∈ Uβ .
(2) ⇒ (1): Let (Aα: α < ρ), ρ a regular uncountable cardinal, be an increasing
ρ-sequence of closed subsets of 2X . We have to prove that A = ⋃{Aα: α < ρ} is a
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Uα = Acα and put U =
⋃{Uα: α < ρ}. Then U is an ω-cover of Sc. Apply (2) to Sc and
the ρ-sequence (Uα: α < ρ). There is a β < ρ such that Uβ is an ω-cover of Sc. It implies
S ∈ ClZ+(Aβ) =Aβ ⊂A. 
As before, similarly one proves:
Theorem 18. For a space X the following statements are equivalent:
(1) (2X,F+) has countable T -tightness;
(2) Each open set Y ⊂ X satisfies T (K).
5. The Hurewicz-like selection principles
In this section we need the notion of groupability [17].
An ω-cover (a k-cover) U of a space X is groupable [16,17,13] if it can be represented
as a union of infinitely many finite, pairwise disjoint subfamilies Un such that each finite
(compact) set A ⊂ X is contained in a member of Un for all but finitely many n. Ωgp (Kgp)
will denote the family of groupable ω-covers (k-covers) of a space.
In [9] (see also [10]) Hurewicz introduced a covering property, nowadays known as the
Hurewicz property, in the following way. A space X is said to have the Hurewicz property
if for each sequence (Un: n ∈ N) of open covers of X there is a sequence (Vn: n ∈ N) of
finite sets such that for each n, Vn ⊂ Un and for each x ∈ X, for all but finitely many n,
x ∈⋃Vn. In [17] this property was described by an Sfin-type property and it was shown
that all finite powers of a space X have the Hurewicz property if and only if X satisfies
Sfin(Ω,Ωgp). Similarly, the property S1(Ω,Ωgp) was characterized: X has this property if
and only if each finite power of X has the Gerlits–Nagy property (∗) [7] (≡ the Hurewicz
property as well as the Rothberger property).
Here we study the mentioned properties in the context of hyperspaces. For similar in-
vestigation see [14].
Call a countable element D from D groupable if there is a partition D =⋃n∈NDn into
finite sets such that each open set of the space intersects Dn for all but finitely many n.
Let Dgp denote the family of groupable elements of D.
Theorem 19. For a space X the following statements are equivalent:
(1) (2X,F+) satisfies S1(D,Dgp);
(2) X satisfies S1(K,Kgp).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of open k-covers of X. For each n,
An := Ucn is a dense subset of (2X,F+). Use (1) and for each n, pick an An ∈An such that
A= {An: n ∈ N} is a groupable dense subset of (2X,F+); let the partition A=⋃n∈NBn
witnesses that fact, i.e. each open subset of (2X,F+) meets Bn for all but finitely many n.
Put V =Ac and for each n,Wn = Bcn. We claim that V is a groupable k-cover of X and that
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and so there is n0 such that for each n n0 one finds a member Bn ∈ Bn with Bn ∈ (Kc)+.
Then Bcn belongs to Wn and K ⊂ Bcn.
(2) ⇒ (1): Let (An: n ∈N) be a sequence of dense subsets of (2X,F+). Let for each n,
Un :=Acn. Then Un is an open k-cover of X. Applying (2) we find a sequence (Un: n ∈N)
such that for each n, Un = Acn ∈ Un and U := {U1,U2, . . .} is a groupable k-cover for X:
there is a partition U = ⋃n∈N Vn into finite sets such that each compact subset of X is
contained in a member of Vn for all but finitely many n. Then one can easily check that
letting for each n, Bn = Vcn , the partition A =
⋃
n∈NBn witnesses that for the sequence
(An: n ∈N) there is a selector showing that (2X,F+) satisfies (1). 
Similarly one proves:
Theorem 20. For a space X the following statements are equivalent:
(1) (2X,F+) satisfies Sfin(D,Dgp);
(2) X satisfies Sfin(K,Kgp).
Theorem 21. For a space X the following are equivalent:
(1) (2X,Z+) satisfies S1(D,Dgp);
(2) X satisfies S1(Ω,Ωgp).
Theorem 22. For a space X the following statements are equivalent:
(1) (2X,Z+) satisfies Sfin(D,Dgp);
(2) X satisfies Sfin(Ω,Ωgp), i.e. each finite power of X has the Hurewicz property.
For the next consideration we need the notion of weak groupability.
A countable open cover U of a space X is weakly groupable [17] (respectively k-weakly
groupable [5]) if there is a partition U =⋃{Un: n ∈ N} such that each Un is finite, Um ∩
Un = ∅ whenever m = n, and each finite (respectively compact) subset of X is covered by
Un for some n ∈N.
Owgp (respectively Ok-wgp) denotes the family of open weakly groupable (respectively
k-weakly groupable) covers of a space.
In [3] a covering property of a space (Ufin(Γ,Ω) in the notation from [12]) which is
intermediate between the Hurewicz property and the Menger property was characterized
as an Sfin property, namely as Sfin(Ω,Owgp). In [5] the property Sfin(K,Ok-wgp) was con-
sidered. We characterize these two properties of a space X by the corresponding properties
of hyperspaces (2X,Z+) and (2X,F+), respectively.
Theorem 23. For a space X the following statements are equivalent:
(1) (2X,Z+) satisfies: for each sequence (An: n ∈ N) of dense subsets of (2X,Z+) there
are finite sets Bn ⊂An such that ⋃ Bn can be partitioned into finite sets Cn, n ∈N,n∈N
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(2) X satisfies Sfin(Ω,Owgp).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of open ω-covers of X. Then (An ≡
Ucn : n ∈ N) is a sequence of dense subsets of (2X,Z+), so that there is a sequence
(Bn: n ∈ N) such that for each n, Bn is a finite subset of An and B =⋃n∈NBn is a union⋃
n∈N Cn of finite, pairwise disjoint sets such that {
⋂Cn: n ∈N} is dense in (2X,Z+). Let
V = Bc,Wn = Ccn, n ∈N. Then the sets V andWn’s witness for (Un: n ∈N) that X belongs
to the class Sfin(Ω,Owgp).
Let F be a finite subset of X. The open subset (F c)+ of (2X,Z+) meets {⋂Cn: n ∈N},
i.e. there exists m ∈ N such that ⋂Cm ∈ (F c)+. This means that F ⊂ (⋂Cm)c =⋃Wm,
i.e. V is an open weakly groupable cover of X.
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of dense subsets of (2X,Z+). For each n,
Un :=Acn is an ω-cover of X. By (2) there is a sequence (Vn: n ∈N) such that for each n,
Vn is a finite subset of Un and V = ⋃n∈N Vn is a weakly groupable open cover of X.
We have that V is a union of countably many finite, pairwise disjoint sets Wn satisfying:
for each finite set F ⊂ X there is an n with F ⊂ ⋃Wn. Let us check that the sequence
(Bn: n ∈N), where for each n, Bn =Wcn , shows that (2X,Z+) satisfies (1). Indeed, pick a
basic open set (Sc)+ of (2X,Z+). Then there is m for which S ⊂⋃Wm holds. It follows⋂Wcm ≡
⋂Bm ∈ (Sc)+, i.e. the set {⋂Bn: n ∈N} is dense in (2X,Z+). 
In a similar way one can prove
Theorem 24. For a space X the following are equivalent:
(1) (2X,F+) satisfies: for each sequence (An: n ∈ N) of dense subsets of (2X,F+) there
are finite sets Bn ⊂An such that ⋃n∈NBn can be partitioned into finite sets Cn, n ∈N,
such that {⋂Cn: n ∈N} is dense in (2X,F+);
(2) X satisfies Sfin(K,Ok-wgp).
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